We have derived and analyzed the wavefunctions and energy states for an asymmetric double quantum wells, broadened due to static interface disorder effects, within well known discreet variable representation approach for solving the one-dimensional Schrodinger equation. The main advantage of this approach is that it yields the energy eigenvalues and the eigenvectors in semiconductor nanostructures of different shapes as well as the strengths of the optical transitions between them. We have found that interface broadening effects change and shift energy levels to higher energies, but the resonant conditions near an energy coupling regions do not strongly distorted. A quantum-mechanical calculations based on the convolution method (smoothing procedure) of the influence of disorder on the motion of free particles in nanostructures is presented.
efficient sources of coherent infrared (IR) radiation for several applications, such as communications, radar, and optoelectronics. Their most spectacular applications are quantum well IR photodetectors [1] and the quantum cascade (QC) lasers [2] that relies on the intersubband transitions and resonant tunneling between adjacent QWs. Moreover, intersubband transitions give rise to extremely high linear and nonlinear optical susceptibilities.
Specially engineered asymmetric quantum wells possess resonant 2 nd and 3 rd order optical nonlinearities which are respectively 3 and 5 orders of magnitude higher than that in the bulk semiconductors, which may be used for frequency mixing, phase conjugation and all-optical modulation [3] . These devices are made with epitaxially grown GaAs/AlGaAs and InGaAs/AlInAs [4] . With the recent development on semiconductor devices growth by the molecular beam epitaxy and metal-organic chemical vapor deposition techniques, multi-barrier quantum well structures are becoming the basic building blocks of modern semiconductor devices, such as resonant tunneling diodes (RTD) [5] , far-infrared and THz lasers [6] , quantum cascade (QC) lasers [2, 7] , etc.
Real QW structures tend to deviate from the ideal homogeneous heterostructure with perfectly smooth interfaces.
The reasons are the stochastic processes of the crystal growth leading to local variations of chemical composition,
well width, and lattice imperfections to name a few. Since a QW is generally a heterostructure formed by a binary semiconductor (AB) and a ternary disordered alloy (AB1−xCx), as in InGaAs/GaAs, there are two types of disorders responsible for the inhomogeneous broadening: compositional disorder caused by concentration fluctuations in a ternary component and random diffusion across the interface. In order to design new devices or optimize the device performance, and thus properly predict their behavior, one needs to know the detailed information of quasi-bound levels in real disordered multi-barrier quantum well structures. Theoretical studies of effects due to compositional and interface disorders have a long history [8] [9] [10] .
To understand the physical properties of the heterostructure devices, one needs to solve the eigenvalue problem of carriers in QWs. It is well known that exact analytic solutions to such problems are only available for simple structures such as square or parabolic well [11] and even in these structures, in general, in the presence of perturbations such as external fields, disorder effects [12] , etc. the problem cannot be solved exactly.
There have been various numerical methods used to calculate the band profiles in QWs: the matrix approach (MA) [13] , the transfer matrix (TM) method [14, 15] , the finite difference method (FDM) [16, 17] , the finite element (FE) technique [18, 19] , discreet variable representation (DVR) approach [20] , envelope function (EF) method [21] , Wentzel-Kramers-Brillouin (WKB) approximation [22] , variational method (VM) [23] , and Monte Carlo (MC) simulations [24] . Among them, the WKB and EF methods adopt approximations, thus give the results unreliable; the VM only works well at simple QWs and weak fields; the MC and FE methods are highly computer-orientated approaches; the MA usually require wave function to be well behaved. While DVR as also TM methods overcomes all the shortcomings listed above and could be easily applied to any potential profiles of biased/unbiased multi-barrier quantum well structures.
In this paper we describe shortly a numerical technique based on the DVR approach, as a grid-point representation of a Hamiltonian matrix elements [12, 20, 25] , which is capable of solving the eigenvalue and eigenfunction problems in an arbitrary QWs under arbitrary perturbation, for an asymmetric double quantum wells with interfaces broadened due to static disorder effects.
Calculation details 2.1. A model of the interface disorder effects
Randomly distributed charged dopants, or composition x in mixed crystals AxB1−x, lead to unavoidable fluctuations of the doping impurities concentration on a microscopic scale. Two things influence as an interface disorder effects: coordinate fluctuations of interface position (Fig 1 a) , and gap energy Eg(x) fluctuations (Fig 1 b,c) due to the randomly distributed dopants. These fluctuations result in potential fluctuations. This situation is schematically shown in Fig 1. The magnitude of band-edge energy fluctuations (Fig 1 b,c) caused by the random distribution of charged donors and acceptors was first calculated by Kane [26] . States with energy below the unperturbed conduction band edge or above the unperturbed valence band edge are called tail states, which significantly change the density of states in the vicinity of the band edge. The absence of order means that the wavevector k is no longer a good quantum number. At energies high in the band this spread in k values can be described by a mean free path, but deep in the tail localization is complete.
Particularly simple models of an electron moving in a random potential are possible. If the fluctuations are not too large, good approximation is obtained by calculating spectra for slightly different configurations and adding them up using some broadening weight factor. Inhomogeneous broadening, due to site variation produced by a random distribution of local crystal fields, results in a Gaussian type broadening [26] . Homogeneous broadening, from dynamic perturbations on energy levels and equally on all ions, leads to a Lorentzian type broadening. So, QW's barrier interface roughness may be approximated [12] by the convolution of Heaviside step function Φ(x-x0) with an area normalized, moving Gaussian broadening envelope function of width σG:
or with the Lorentzian broadening envelope function of width Γ:
A convolution (smoothing) procedure [28] is an integral that expresses the amount of overlap of envelope function (i.e. Gaussian or Lorentzian) as it is shifted over another function Φ. Instead of the ∞ limit in integrations usually is used any enough big value for the result convergation. The barrier steps may be broadened also in extremely simple analytical way, -by applying of the phenomenological atan(x) function against the Heaviside step function Φ(x), usual for an ideal heterostructure with perfect interfaces:
where Γi is broadening parameter of the interfaces at zi. This function with zero mean zi, characterize the deviation of the i th interface from its average position. Examples of calculated functions (1)-(3) are presented in 
Method of Discrete Variable Representation (DVR)
Analytical expressions for asymmetrical double and triple quantum-wells are possible only for idealized rectangle QWs [29] . We select discrete variable representation (DVR) as a numerical method [20, 30] for our MathCAD calculations of stationary 1D Schrodinger equation for confined eigenstates. Different types of DVR methods have found wide applications in different fields of problems [31, 32] . We also carried out DVR calculations for QWs an unharmonic Morse potential [12, 25] .
The DVR is a numerical grid-point method in which the matrix elements of the local potential energy operator V(r)
is approximated as a diagonal matrix (mnemonic: DVR -diagonal V(r), or Discrete Variable Representation): [31] , and the kinetic energy matrix is full, but it has simple analytic form, as a sum of 1D matrices. DVR method is selected since it avoid having to evaluate integrals in order to obtain the Hamiltonian matrix and since an energy truncation procedure allows the DVR grid points to be adapted naturally to the shape of any given potential energy surface. The DVR method greatly simplifies the evaluation of Hamiltonian matrix elements H ik = φi|H|φ k and obtains the eigenstates and eigenvalues by using standard numerical diagonalization methods of MathCAD or Mathematica.
If we choose an equally spaced grid, xi = i∆x, (i = 0, ±1, ±2, ... ±N), then the DVR gives an extremely simple grid-point representation of the kinetic energy matrixT i,k =h 2 k 2 i,k 2m * within the conditional formulation [20] :
The only parameter involved being the grid spacing ∆x via an energetically weighted grid parameter g ("energy quantum of the grid"):
where m * is the electron effective mass. So, if the grid points are uniformly spaced then numerical solutions of a matrix elements of the full energy Hamiltonian operator
is as [20] :
when the δ-functions are placed on a grid that extends over the interval x = (-∞,∞). First term in parenthesis is a value of second term in the limit N → ∞ [20] .
In our calculations the potentials of an ideal and of a broadened double QW are used as [12] :
and
correspondingly. Here Φ(x) is a Heaviside step function; U 1 (2) are the depths of potential wells (differences in the offset band energies) for the 1 st and 2 nd QW of the widths R 1 (2) ; and R b is the barrier width. One can reasonably argue the restriction of used approximation for QWs disorder effects via an effective potentials (8) .
Arguments may be directed to the problem being subject to short-range energy fluctuations which may be treated as a "white-noise" disorder with small correlation lengths.
Results and discussion
Inter-well optical-phonon-assisted transitions are studied in an asymmetric double-quantum-well heterostructures [33] comprising one narrow and one wide coupled quantum wells (QWs). It is shown that the depopulation rate of the lower subband states in the narrow QW can be significantly enhanced thus facilitating the intersubband inverse population, if the depopulated subband is aligned with the second subband of the wider QW, while the energy separation from the first subband is tuned to the energy of optical phonon mode.
Seeking to reproduce mentioned effects of [33] , the eigenvalues (stationary energy states En) and the eigenvectors (wavefunctions ψn) for a quantum number n, as the solutions of the Schrodinger equationĤψn(r) = Enψn(r),
were calculated using standard numerical diagonalization methods (eigenvals(H) and eigenvec(H) commands in MathCAD) for the DVR Hamiltonian (6).
Results of our DVR calculations of such a laser structure as in [33] are depicted in Fig 3 found that enough number of grid is N ≥ 50, however we have used the number of calculus points N = 500 for the better shaping of calculated wavefunctions.
All states in double QW are splitted doublets, because the degeneracy is unmounted by different parity properties.
When the barrier thickness becomes smaller, quantum coupling due to the tunneling between the wells has the place. As a consequence, an energy splitting occurs (rounded regions indicated in Fig 3 and Fig 4) and the respective electron states, the so-called binding and anti-binding states, are delocalized over both wells. The energy splitting or tunnel coupling ∆E is determined by the barrier thickness R b and height. The resonant situation can be obtained for asymmetric, coupled double quantum wells with applied bias [33] . The lowest coupled state is mainly localized in the wide well and the other state is mainly localized in the narrow well. Due to the coupling of the two wells the two states have nonzero probability density in both wells. Under a suitable bias these two states become resonant.
One embodiment of THz laser structure is depicted in Fig 3 and Fig 3) and for a broadened ones are presented together and mutually compared. Here the thin black lines presents the case of ideally rectangle shaped ADQWs. As we see, interface broadening change and shift energy levels to the higher energies, but the resonant conditions near an energy coupling regions do not strongly distorted. The blue shift is as a sequence of an effective narrowing of the distorted QWs, but the changes seen in the coupling regions are caused from the different inter-well barrier profile.
Conclusions
The discreet variable representation approach for solving the one-dimensional Schrdinger equation is performed to calculate the structural and electronic properties of asymmetric double quantum wells broadened due to static interface disorder effects. We have derived and analyzed the wave functions, and the energy states for the structurally disordered (broadened) quantum wells of different profiles. The interlayer interactions would destroy the state degeneracy, induce more states, and vary their energy. Interface broadening effects change and shift energy levels to higher energies, but the resonant conditions near an energy coupling regions do not strongly distorted.
